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Abstract. In this paper, a simple and obvious procedure is presented that
allows to estimate 7, the population proportion of a sensitive group, in addi-
tion to 7, the probability that the respondents belonging to the sensitive group
tell the truth whenever questioning directly. Properties of the estimators of «
and T as well as sample size allocation are studied. And, efficiency compar-
isons are carried out to investigate the performance of the proposed method.
It is found that the proposed strategy is more efficient than Warner’s (1965)
strategy, and has an additional advantage of deciding the optimal survey
technique for practical situations.
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1. Introduction

Social surveys sometimes include sensitive or threatening issues of enquiry
that people like to hide from others. Direct questioning of respondents about
them is likely to result either in non-response or in deliberate incorrect answer.
Social stigma and fear of reprisals often lead respondents to give biased, mis-
leading or even erroneous responses when approached with a direct response
(DR) survey method. Even for the reason of merely unwillingness to reveal
secrets to strangers, many individuals attempt to avoid certain questions put
to them by interviewers. Consider a dichotomous population in which every
person belongs either to a sensitive group A or to the non-sensitive comple-
ment A. The problem of interest is to estimate the population proportion 7 of
individuals who are members of A. Let 7 be the probability that the re-
spondents belonging to A report the truth. The respondents belonging to the
non-sensitive group A have no reason to tell a lie. For a DR survey of size #,
the interviewee is asked if he/she is a member of A. Then, we have a direct
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estimator

fip = &=L 2 (1.1)

with mean square error given by

MSE(#p) :WIT_GD)HZU —-T)%, (1.2)

where X; = 1(0) if the ith interviewee responds yes (no), and 0p = =nT.

In order to improve respondent cooperation and to encourage honest re-
sponses, Warner (1965) suggested the following procedure called randomized
response (RR) technique. Instead of a DR method, a randomization device
used to collect sample information consists of two statements: (a) ‘I am a
member of group A’ and (b) ‘I am not a member of group A’, with proba-
bilities Py and (1 — Py/) respectively. Following this device, the respondent
chooses a statement unobserved by the interviewer, and then simply gives a
‘yes’ or ‘no’ answer depending on his/her actual status. Let Y be the propor-
tion of ‘yes’ answers in a random sample of n respondents. By the method of
moments, Warner obtained

.Y —(1—Py) 1
W= Top, 1) o T

(1.3)
as an estimator of 7, where Y; = 1(0) according as the ith respondent answers
yes (no). The estimator 7y is unbiased and its variance is given by

Ow (1 — Ow)

Var(zy) = ,
w) 2Py —1)’n

(1.4)

where 0y = 7Py + (1 — n)(1 — Py). It is demonstrated useful for reducing
response error when potentially sensitive topics, such as the prevalence of
illegal activities, incidence of domestic violence, sexual practice or other issues
that are unethical or socially unacceptable, are included in surveys of human
populations. Following the lead of Warner (1965), a number of improvements
and enhancements have been suggested in the literatures. See Fox and Tracy
(1986), Chaudhuri and Mukherjee (1987, 1988) and Hedayat and Sinha (1991)
for the reviews, and Kuk (1990), Mangat and Singh (1990), Mangat (1994),
Mangat, Singh and Singh (1997), Mahmood, Singh and Horn (1998) and
Singh, Singh and Mangat (2000) for some recent developments.

In general, the probability T is a measurement instrument of the sensitiv-
ity. And, it has a primary use in appraising the efficiency of different survey
plans. One may use a simple formula for ascertaining whether a RR technique
is advantageous in efficiency relative to a DR scheme. However, the proba-
bility 7" is unknown in actual practice, and there is no feasible sample ana-
logue for this parameter so far. Therefore, in an attempt to overcome this
difficulty we suggest an alternative survey strategy which makes it possible to
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estimate the unknown parameters 7 and 7 simultaneously. The resulting esti-
mators and properties of biases as well as mean square errors are presented in
Section 2. Moreover, sample size allocations in the presence of some practical
objectives are studied in Section 3. In Section 4, with respect to the criterion
of mean square error, numerical studies are worked out to demonstrate the
superiority of the proposed method. The concluding section of the article
consists of a concise summary.

2. Proposed method

In the proposed method, two independent sub-samples of size n;, j = 1,2, are
drawn from the population using simple random sampling with replacement
such that n; + n, = n, the total sample size is required. The person in the jth
sub-sample is instructed to reply a direct question concerning whether he/she
bears A or not. If answer ‘no’, the respondent is required to use a random-
ization device R; consisting of two statements (a) and (b), with probabilities
P; and (1 — P;) respectively. The whole procedure is completed by the re-
spondent without revealing the question selected. Notice that the respondents
in the non-sensitive group have no reason to tell a lie, and thus are completely
truthful in their answers whether DR or Warner’s procedure is provided. It
is supposed that the respondents belonging to A state honest responses in
full under Warner’s model but with the probability 7 following the usual DR
procedure.

On the basis of the proposed procedure, the proportion for the respondents
who respond ‘yes’ for either one instruction in the jth sub-sample is given by

0 =T +r(l—T)P;+(1—n)(1—P), j=1,2. (2.1)

By means of the method of moments, an estimator of population proportion 7
can be obtained as

(1-P)Z, — (1 - P)Z,

= P — P ’

Py # Py, (2.2)

and an estimator of T is given by

o U=2P)Zi = (122P)Zo = (PL = Py). (2.3)
(I1-P)Zi—(1-P)Zs

where Z; = nj’l S, Zj, the estimator of 0;, is the observed proportion of
‘yes’ answers reported by the respondents in the jth sub-sample, and Zj; is the
Bernoulli variable with parameter 0;, i = 1,2,...,n;, j = 1,2, respectively.

We now derive the properties of the estimator 7. For this, we have the
following theorems.

Theorem 1: 7 is an unbiased estimator of .
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Proof: In view of the obvious results that E(Z;) = 0, and E(Z;) = 0,, we have

E(f[) _ E|:(1 — Pz)zl — (1 — P1)22:| _ (1 — P2)01 — (1 — P1)92 —

P — P> Py — P
Hence the theorem.

Theorem 2: The variance of the estimator 7 is given by

1

(1—Py)%0,(1—0y) L= P1)20,(1 — 05)
(Py — Py)*

ny na

Var(zn) =

] . (24)

Proof: Since the sub-samples are drawn independently and Z; follows the
binomial distribution B(n;,0;), j = 1,2, respectively,

Var(ﬁ) = ﬁ[(l — P2)2Var(21) + (1 — Pl)zVar(Zz)]
1 — L2
_ 1 (1—P2)201(1—01)+(1—P1)202(1—02)
(P] —P2)2 ni np .

This completes the proof.
Furthermore, let us define
d1 = (1 — 2P2)Z] — (1 — 2P1)22 — (Pl — Pz) and
d2 = (1 — Pz)Zl — (1 — Pl)Zz,

then the estimator 7" can be written as 7' = d, /dp. Clearly, it can be verified
that

E(dl) = (Pl — Pz)n’T and E(dz) = (Pl — Pz)n’,
and thus we have T = E(d,)/E(d,). Moreover, we define the following

quantities:
_di — E(dh)
E(dy)

d, — E(dy)

and e, = Ed)

€1

assuming that |e;| < 1 so that the function (1 + e>)”" can be validly expanded
as power series. Then the estimator 7" can be expressed in terms of ¢; and e, as

T=T[l4e —e —erer+e3 + 0,(n*?)], (2.5)
and the estimation error is, therefore, given by
T—T=Tler—er—erer +e3 + 0,(n*?)]. (2.6)

Before obtaining the bias and mean square error of the estimator 7', we need
the following expectations:
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E(el) = E(e‘z) =0

_ 1 (1 =2P)(1 — P,)0i (1 - 61)
E(eje;) = (P, —P2)2n2T { n
+ (1=2pP)(1 = P1)0(1 - 92)}
n

B = 1 (1=2P2)%01(1 = 01)  (1=2P1)°0x(1 = 03)

V(P - Py’ r2T? ny n

N 1 (1—=P)%0,(1 —0)) (1 —P))%0,(1 — 6,)
Ele) = (Py — Py)*n2 m * n ] @7

The principal properties of the estimator 7" are outlined in the following
theorems.

Theorem 3: Up to terms of order O(n™"), the estimator T is biased with mag-
nitude of bias given by

1 {(1—P2)[T(1—P2)+(2P2—1)]91(1—91)
(P1 —P2)27'[2 n

n (1-P)[T1-P) ‘,: (2P — 1)]0x(1 — 01) }

Bias(7) =

(2.8)

Proof: From (2.6), ignoring terms with power in ¢;’s higher than the second,
taking expectation and then substituting the corresponding expected values in
(2.7), it follows that

Bias(T) =TE(e; —er —e1en + eg)

-1 {(1—21’2)(1—1’2)91(1—91)
(P) — P,)*m2T n

n (1 =2Py)(1 = Py)0x(1 — 92)}
n

. 1 2 l(l — P,)%0(1 —0), (1 — P)%05(1 —92)”
(Pl —Pz) 72 n ny
. 1 {(1—Pz)[T(l—P2)—|—(2P2—1)]91(1—91)
B (P1 —P2)27Z2 ni
+ (1 =P)[T(1 = Py)+ (2P — 1)]05(1 — 62) }’
n

which proves the theorem.
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Theorem 4: Up to terms of order O(n™"), the mean square error of the estimator
T is given by

MSE(T) = ! {[T(l — Py + (2P, — 1))20,(1 — 0))

(Pl — P2)27Z2 n

L [T(1= Py + 2P~ 1)P05(1 — 03) } (2.9)

na

Proof: Squaring the formula (2.6), omitting terms with power in e;’s higher
than the second and then taking expectation, we have

MSE(T) = T*E(e} — 2eje; + €3). (2.10)

On substituting the corresponding expected values in (2.7) into (2.10), and
then after some algebraic simplifications yields the theorem.

3. Sample size allocations

The appropriate sample size allocations for various objectives in actual survey
sampling are presented in this section.

Case I In practical situations, the total sample size n is fixed from a consid-
eration of available resources. One may then concern with the selection of n
and n, so that Var(7), as in (2.4), is minimized subject to n; + ny = n. Appli-
cation of the Cauchy-Schwarz inequality to this constrained optimization
problem gives the optimum choices of n; and n, as

ny = (1= P2)yOull =0 n (3.1)

(1= P2)/0i(1 = 01) + (1 = P1)\/02(1 = 0)

and

(1 =P1)\/02(1 —6y)

ny = -n, (3.2)
2T U= P)VO(T=0) + (1 — P)/O(1 -0y
for which the minimum variance is given by
2
Var(#) (1= P2)y/0i(1 = 0) + (1 = P1)y/0(1 - 0r)] ‘ (3.3)

(Pl — P2>21’l

Case II. If one is interested in the minimum mean square error of the estima-
tor 7" with the constraint n; + n, = n, then by means of the Cauchy-Schwarz
inequality, the sample size allocation for which MSE(7') attains its minimum
is given by

n _|T(1=Py)+ (2P, = 1)[/0:(1 — 61)

m o |T(1—P)+ (2P —1)]\/0o(1 - 05)

and the minimum mean square error is equal to

(3.4)
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MSE(T)

(7 (1=P2)+ (2P~ D)|\/Oi(1-00) +|T(1=P)+ (2P - 1) VO(1-02))°

(Pl —Pz)zﬂzl’l

(3.5)

Case III. Here we consider the situation that the investigator seeks to estimate
m and T simultaneously precisely and then is attempted to minimize VM (say),
the product of Var(#) and MSE(T). From (2.4) and (2.9), the expression for
VM is given by

1
(P1 — P2>47'(2

VM =

(1—P,)%0,(1-0)) L= P)205(1 — 92)1
ny ny

y { [T(1 = Py)+ (2P, — 1))%0,(1 — 0y)

+

[T(1 = Py) + (2P = D)]*02(1 - 6y) } (3.6)

n;

Through a simple application of the Cauchy-Schwarz inequality, we have

VM > 1 (1= Py)|[T(1 = Py) 4 (2P, — 1)|0i (1 — 01)
- (Pl —P2)47Z'2 n

(L= P)IT( = P) + (2P = 1|01 = 02) ]
1)

: (3.7)

with equality if and only if

1-pP 1- P
[T(1=Py) + 2P, = )]~ [T(1 =P+ 2P = )] (3.8)

The expression for the minimum value of VM is, therefore, given by

VM — W[\/u = Py)|T(1 = P2) + (2P, = 1)[01(1 = 01)

+ /(1= P)[T(1 = P1) + 2P, = D]62(1 - 0)]*, (3.9)
when n; and n, are chosen to satisfy the relation

m _ (1= Py)y/6i(1—01) (3.10)

o (1—P)/0:(1-6,)
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4. Efficiency comparisons

With respect to the mean square error criterion, the efficiency aspect of the
proposed strategy is investigated in relation to Warner’s (1965) technique as
well as direct response method. It seems difficult to achieve the elegant con-
ditions, we, therefore, resort to the empirical studies for some practical choices
of parameters. Without loss of generality, it is assumed that P; > P».

4.1 Comparison of the proposed method with Warner’s model

The relative efficiency of the proposed estimator 7z with respect to Warner’s
estimator 7y is defined as

Ow (1 — Op)(P) — Py)*
2Py — 1)*[(1 = P2)/O,(1— 0)) + (1 — P))\/6,(1 — 6,)]*

It is remarkable that the value of Py should be chosen as close to unity as
practicable, and one should take P; as large and P, as small as possible.
Hence, we simply set Py = P; and P, = 1 — P to compare them at the same
level of protection of the respondents. Moreover, the values of Py used are 0.7,
0.8 and 0.9, and = as well as T are taken as 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8
and 0.9. These magnitudes help the investigator to choose the better strategy
in different situations. The relative efficiency figures thus computed are shown
in Table 1.

From Table 1, it is interesting to find that 7 is invariably more efficient
than 7y, implying that it is always beneficial to use the proposed technique.
In other words, the proposed survey method is substantiated superior to
Warner’s (1965) model.

RE| =

(4.1)

4.2 Comparison of the proposed method with direct response method

The expression for the relative efficiency of the proposed estimator 7 in rela-
tion to direct estimator 7p can be written as

[0p(1 — 0p) + nn2(1 — T)?|(P; — P1)?
[(1 = P2)y/Oi(T=01) + (1 = P1)\/Oo(1 = 05)]*

Herein, we consider the same choices of parameters as employed in Table 1.
Notice that RE, also depends upon total sample size, and thereupon the
values of n are taken to be 1000 and 2000. Tables 2 and 3 are respectively
appropriate for the cases where total sample size n is 1000 and 2000.

From these tables, the efficiency of the proposed strategy is considerably
higher than that of DR method for most of the practical circumstances. For
example, it is observed that for P; = 0.9, the value of relative efficiency ranges
from 0.797 to 5732, and the value of RE; is less than unity only in 0.62% of
the cases. For Py = 0.7 and P, = 0.8, which are most useful and practical
values of P;, the relative amounts of RE, < 1 are 4.93% and 2.47% respec-
tively. Moreover, it is seen that the use of the proposed estimator is limited for

RE, = (4.2)
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Table 1. The relative efficiency of the proposed estimator 7 with respect to Warner’s estimator 7y .

P] T T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

07 0.1 1.000 1.000 1.001 1.001 1.002 1.003 1.004 1.006 1.008
0.2 1.000 1.002 1.003 1.006 1.008 1.012 1.017 1.024 1.033
0.3 1.001 1.003 1.007 1.013 1.019 1.028 1.040 1.055 1.077
0.4 1.002 1.006 1.013 1.023 1.035 1.051 1.073 1.102 1.144
0.5 1.003 1.010 1.021 1.036 1.056 1.083 1.118 1.168 1.241
0.6 1.004 1.014 1.030 1.053 1.083 1.124 1.179 1.259 1.383
0.7 1.005 1.020 1.042 1.074 1.118 1.177 1.262 1.388 1.598
0.8 1.007 1.026 1.056 1.100 1.161 1.247 1.374 1.575 1.946
0.9 1.009 1.033 1.073 1.132 1.216 1.339 1.532 1.867  2.591

0.8 0.1 1.000 1.000 1.001 1.001 1.002 1.002 1.003 1.005 1.008
0.2 1.000 1.001 1.003 1.004 1.006 1.009 1.014 1.021 1.032
0.3 1.001 1.003 1.006 1.010 1.015 1.021 1.031 1.047 1.073
0.4 1.002 1.006 1.011 1.018 1.027 1.039 1.057 1.084 1.133
0.5 1.003 1.009 1.018 1.028 1.043 1.062 1.091 1.136 1.217
0.6 1.004 1.013 1.026 1.042 1.064 1.093 1.136 1.206 1.336
0.7 1.006 1.018 1.036 1.059 1.090 1.133 1.196 1.300 1.506
0.8 1.007 1.025 1.049 1.081 1.124 1.184 1.275 1.432 1.764
0.9 1.010 1.032 1.064 1.107 1.167 1.252 1.386 1.627  2.201

09 0.1 1.000 1.000 1.000 1.001 1.001 1.001 1.002 1.004 1.007
0.2 1.000 1.001 1.002 1.002 1.004 1.005 1.008 1.014 1.027
0.3 1.001 1.002 1.004 1.006 1.008 1.012 1.018 1.030 1.059
0.4 1.002 1.004 1.007 1.010 1.015 1.022 1.033 1.053 1.102
0.5 1.003 1.007 1.011 1.017 1.024 1.035 1.052 1.084 1.159
0.6 1.004 1.010 1.017 1.025 1.036 1.051 1.076 1.122 1.234
0.7 1.006 1.015 1.024 1.036 1.051 1.073 1.107 1.172 1.333
0.8 1.008 1.020 1.033 1.050 1.070 1.100 1.148 1.238 1.468
0.9 1.010 1.026 1.045 1.067 1.096 1.138 1.203 1.329 1.667

some specific parameters. As far as the efficiency of 7 is concerned, we observe
that it decreases with P, = or n whichever decreases or with increasing 7T if
other parameters remain unchanged. Thus, in using 7 in place of 7p, more
gain in efficiency is expected either for smaller value of T or for any one of Py,
7 or n is larger.

5. Concluding remarks

Randomized response techniques are attractive mechanisms for counteracting
fears in response and providing with valid statistical inferences concerning a
population. However, there was no way to guess about the magnitude of 7 so
as to judge the extent of bias involved and the effect on the accuracy in esti-
mation. If, instead, the proposed survey procedure is employed, one has a way
of estimating = unbiasedly and getting an admissible estimator for 7. Thus
unlike other RR strategies where estimations can only supply with the popu-
lation proportion, the proposed technique results in more efficient estimator of
7 as compared to Warner’s (1965) model, and in a great advantage of esti-
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mating the truthful response probability 7. In addition, since the values of P
and n are determined by the researcher, and the guessed values of 7 and T are
available, with the help of the expression for RE),, there is a clear suggestion
that the RR method is apt to outperform the regular DR scheme in a variety
of situations. Actually, this is an extra utility of the proposed survey strategy
and has significantly increased the value and acceptance of survey sampling
approach.

In the end, we recommend that the investigator should adopt the proposed
survey technique to obtain the estimated values 7z and 7. Then he or she may
check if a RR strategy is suitable to apply by replacing the unidentified 7 and
T in (4.2) by the estimated values 7 and T respectively. If the resulting value
of estimated RE; is less than unity, then one may go for the common DR
method thereafter, otherwise the proposed strategy or other improved RR
technique may be better in use.
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